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Introduction

Schrödinger (1926): Hydrogen Stark Hamiltonian

∆ ` W

For Schrödinger: energies correspond to eigenvalues of this operator

ãÑ no eigenvalues for some potential W

1. Oppenheimer stated this claim and referred to Weyl (1928), where the
proof cannot be found

2. Weisskopf and Wigner (1930) were the first to connect resonances with
the poles of a suitable analytic continuation

In mathematics, (scattering) resonances: poles of the meromorphic
continuation of the resolvent
For the Laplace operator:

Rpzq “ p∆ ´ zq
´1

ñ L2
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Framework
G : non-compact semisimple Lie group, finite center, LiepGq “ g
K : maximal compact of G, LiepKq “ k, so g “ k ‘ p “ k ‘ a ‘ n
X :“ G{K : Riemannian symmetric space of non-compact type
M:“ ZK pAq, LiepMq “ m

Example: Hn
pRq “ SOep1, nq{ SOpnq real hyperbolic space

pτ, Vτ q is an irreducible unitary representation of K which defines uniquely a
homogeneous vector bundle

Eτ :“ G ˆ Vτ {„ ,

where
`

g , v
˘

„
`

gk, τpk´1
qv

˘

.

Examples:
‚ EtrivK » X ˆC Ñ generalization of the Riemannian symmetric spaces
‚ G “ SOep1, nq, K “ SOpnq and τp :“ ΛpAd˚ where Ad˚ denote the

coadjoint representation of K on p˚
C

,
Ñ Eτp “ ΛpHn

pRq :“ Λp `

T ˚
C

pHn
pRqq

˘

.

The smooth sections of Eτ can be identified with

C8
pG , τq :“

!

f : G smooth
ÝÑ Vτ | f pgkq “ τpk´1

qf pgq

)

.
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DpEτ q: set of homogeneous differential operators acting on smooth sections,
i.e.

Lpgq D “ D Lpgq for all D P DpEτ q and g P G

Ξ : UpgCq
K

Ñ DpEτ q

X1 ¨ ¨ ¨ Xn ÞÑ

˜

f ÞÑ
d

dt1
¨ ¨ ¨

d
dtn

f
`

x exppt1X1q ¨ ¨ ¨ expptnXnq
˘

ˇ

ˇ

ˇ

ˇ

ti “0

¸

(positive) Laplacian ∆“ Ξp´Ωq where Ω is the Casimir operator

Ω :“ ´
ÿ

X 2
i `

ÿ

Y 2
i ,

where tXi ui“1,. . . ,dim k and tYi ui“1,. . . ,dim p are othonormal basis of k and p

It has continuous spectrum σp∆q “ rρ2
τ , `8r with ρ2

τ ą 0.
The resolvent of ∆

R∆pzq “ p∆ ´ zq
´1

is a bounded operator on L2
pG , τq depending holomorphically on z P Czσp∆q ,

i.e.
Czσp∆q Q z ÝÑ R∆pzq “ p∆ ´ zq

´1
P BpL2

pG , τqq .

is a holomorphic operator-valued function.
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Harmonic analysis on vector bundles

M:“ ZK pAq, LiepMq “ m

For a fixed representation τP K̂ :

M̂pτq :“ tσ P M̂ | τ |M Ą σu

For pσ, Vσq P M̂ and λ P a˚
C

, we denote by

πσ
λ “ Ind G

MANpσ b e iλ
b 1q

Harish-Chandra’s notation for this in-
duced representation is πσ

iλ

the representation of the principal series, acting on the L2 space H σ
λ .

Frobenius reciprocity theorem: mpσ, τ |Mq “ mpτ, πσ
λq “: mσ,τ

Generalized spherical function φσ,λ
τ : G Ñ EndpVτ q defined by

φσ,λ
τ pxq “

mσ,τ
ÿ

i“1
Pi πσ

λpxq P˚
i

where Pi is the projection on the i-th component of τ in H σ
λ .
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Rank one

Assumption in this thesis: G is of real rank one ðñ dim a “ 1

G K X “ G{K
Spinpn, 1q Spinpnq real h. s.
SUpn, 1q SpUpnq ˆ Up1qq complex h. s.
Sppn, 1q Sppnq quaternionic h. s.

F4 Spinp9q octonionic h. p.
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Resonances of the Laplacian: Previous works

The scalar case, i.e. when τ “ trivK , in rank one

‚ Real hyperbolic n-space (1995): Guillopé and Zworski

Theorem
For X “ Hn

pRq and Ω “ C, the resolvent R∆ has:
˛ holomorphic extension, if n is odd
˛ meromorphic extension (with infinitely many poles) if n even.

‚ Meromorphic continuation on Riemannian symmetric spaces (2005): Strohmaier, Mazzeo
and Vasy

Theorem
X = arbitrary Riemannian symmetric space of the noncompact type.
There are Ω Ř C open with σp∆q Ă Ω and M Riemann surface above Ω such that

R∆ : Ωzσp∆q Q u ÝÑ R∆puq P HompC8
c pXq,C8

c pXq
1
q

admits holomorphic extension to M.

Problem: Ω is not large enough to find resonances.
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‚ Computation of resonances and residue representations for hyperbolic spaces: Miatello and
Will (2000) and with a different method Hilgert and Pasquale (2009)

Theorem
X = Riemannian symmetric space of (real) rank one. Then ζ ÞÑ R∆pζ2

q extend to
‚ a holomorphic function on C ù no resonances, if X “ Hn

pRq with n odd,
‚ a meromorphic continuation with infinitely many (simple) poles, otherwise.

The residue representations are all finite dimensional and irreducible.

Resonances in higher rank
•Hilgert, Pasquale, Przedinda for G “ SLp3,Rq, BC2, C2 and when X is the product of 2 rank
one Riemannian symmetric spaces of non-compact type.
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First result gives explicitely the meromorphic continuation of the resolvant and
the resonances for τ arbitrary. They depend on the M-types σ which occurs in
τ |M . Let M̂pτq be this set.

Theorem
The resonances of the Laplace operator acting on the sections of Eτ

appear in families parametrized by the elements of M̂pτq. Let

Sσ “

!

pz, ζq P C
2

| ζ2 :“ ´z ´ xρ, ρy ` xµσ ` ρM , µσ ` ρMyq

)

.

Then the resolvent extends meromorphically from
S`

σ “ tpz, ζq P S | ℑpζq ą 0u to Sσ. The (simple) poles of this
extension are the pairs
pzσ,k , ζσ,k q “

`

pBmax ` kq
2
|α|

2
´ ρ

2
α|α|

2
` xµσ ` ρM , µσ ` ρM y , ´ipBmax ` kq

2
|α|

2 ˘

where k P Nσ ,µσ is the highest weight of the representation σ, Bmax
depends on µσ and ρM is the half sum of positive roots for m.

Second question:
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Residue at the resonances : Eσ
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σ,λk
τ ˚ f | f P C8

c pG , τqu ð
L G
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What is the representation obtained?
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To have a more general result, we suppose that τ contain the trivial
representation of M.

Theorem
The residue representations Ek are all irreducible. We found which
one are unitary. We found their Langlands parameters : these give a
full description of the pg, Kq-module as unique irreducible quotient of a
principal series representation. There are discrete series
representations.
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Wave front set

For semisimple Lie groups, π admissible representation of G ,
WFpπq “ closure of a union of nilpotent orbits in g (under AdpGq)

Theorem:
We found explicitely the wave front sets in each case.

Corollary:

Ek ô Components of Hλk α ô nilpotents orbits
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