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Discrete series

G: non-compact semisimple Lie group, finite center, Lie(G) = g
G =SL(2,R)

G= Unitary dual := ‘the equivalence classes of irreducible unitary
representations of G' = {(m, V;)}

Irreducible = cannot be split into 2 representations
Unitary = 7(g) = m(g)* for every g€ G
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Discrete series

G: non-compact semisimple Lie group, finite center, Lie(G) = g
G =SL(2,R)

G= Unitary dual := ‘the equivalence classes of irreducible unitary
representations of G' = {(m, V;)}

e

Theorem (Harish-Chandra, Mautner, Segal...)

There exists a measure 11 (Plancherel measure) on G such that

L*(G) = L Vi ® Virdpu(m) = L Vi ® Virdpu(m) + ) Vi ® V()

Gdiscr
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Proposition
If [(7, Vx)] € G, then the following conditions are equivalent:

1.

The Plancherel measure assigns strictly positive mass to the one
point set {(m, Vz)},

2. for some nonzero u,v € V., g — (m(g)u,v) is in L*(G),

3. for every nonzero u,v € Vi, g > (m(g)u, v) is in L*(G)

4. (mw, V) is an irreducible, square-integrable, unitary representation.

J
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2. for some nonzero u,v € V., g — (m(g)u,v) is in L*(G),

3. for every nonzero u,v € Vi, g > (m(g)u, v) is in L*(G)
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J

Cartan subgroup ~ diagonal matrices
Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)
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Proposition
If [(7, Vx)] € G, then the following conditions are equivalent:
1. The Plancherel measure assigns strictly positive mass to the one
point set {(m, Vz)},
2. for some nonzero u,v € V., g — (m(g)u,v) is in L*(G),

3. for every nonzero u,v € Vi, g > (m(g)u, v) is in L*(G)
4. (mw, V) is an irreducible, square-integrable, unitary representation.

& J

Cartan subgroup ~ diagonal matrices

Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)

K := Maximal compact subgroup in G

. A0
For SL(2,IR) one Cartan subgroup is {(0 1/)\) }

Maximal Compact = SO(2) = {(fcs)lsé?g) z;’j(?))}
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Proposition
If [(7, Vx)] € G, then the following conditions are equivalent:
1. The Plancherel measure assigns strictly positive mass to the one
point set {(m, Vz)},
2. for some nonzero u,v € V., g — (m(g)u,v) is in L*(G),
3. for every nonzero u,v € Vi, g > (m(g)u, v) is in L*(G)
4. (mw, V) is an irreducible, square-integrable, unitary representation.
L J

Cartan subgroup ~ diagonal matrices
Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)

K := Maximal compact subgroup in G

Theorem (Harish-Chandra)
G has discrete series representations <> Rank(G) = Rank(K)

Result
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Realizations of discrete series

® Narasimhan and Okamoto (1970) : If G/K is Hermitian symmetric,
construction of most of the discrete series for G on spaces of square
integrable harmonic forms of type (0, q),

® Schmid (1971) : construction of most of the discrete series for G on
"[2-cohomology" groups of holomorphic line bundles on G/T, where T is
a compact Cartan subgroup of G,

® Hotta (1972) : construction of most of the discrete series for G on certain
eigenspaces of the Casimir of G, in the space of L*-sections of some vector
bundle,

® Parthasarathy (1972) : construction of most of the discrete series,
studying the kernel of the Dirac operator,

® Flensted-Jensen (1980) : construction of some the discrete series of G/H,
extend the result on the rank to G/H, for H subgroup of G given by an
involution.
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Framework
G: non-compact semisimple Lie group, finite center, Lie(G) = g
K: maximal compact of G, Lie(K) =¢, sog=t®@a®n

A = exp(a): abelian group
X := G/K: Riemannian symmetric space of non-compact type

M:= Zx(A), Lie(M) =m
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Framework
G: non-compact semisimple Lie group, finite center, Lie(G) = g
K: maximal compact of G, Lie(K) =¢, sog=t®@a®n
A = exp(a): abelian group

X := G/K: Riemannian symmetric space of non-compact type
M:= Zx(A), Lie(M) =m

Example: cosh(t) 0  sinh(t)
G = S0¢(1,n) A— 0 It 0 teR
K =SO(n)

M = SO(nfl) sinh(t) 0 cosh(t)
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Framework
G: non-compact semisimple Lie group, finite center, Lie(G) =g
K: maximal compact of G, Lie(K) =¢, sog=t®@a®n
A = exp(a): abelian group
X := G/K: Riemannian symmetric space of non-compact type
M:= Zx(A), Lie(M) =m

Example: cosh(t) 0  sinh(t)
G = S0e(1,n) A= 0 b 0 teR
K =SO(n)
M = SO(n—l) sinh(t) 0 cosh(t)
H'R) = G/K = {x e R"™ | x{ =} — - —xp11 = 1}

Real hyperbolic space

Figure: H?(R)
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We take an (homogeneous) vector bundle over G/K.

(7, V) := irreducible unitary representation of K which defines uniquely a
homogeneous vector bundle

ET::GXVT/~7

where (g, v) ~ (gk,T(kil)v).
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We take an (homogeneous) vector bundle over G/K.
(7, V) := irreducible unitary representation of K which defines uniquely a
homogeneous vector bundle

ET::GXVT/~7

where (g, v) ~ (gk,T(kil)v).
Examples:

® Euive ~ X x C  — generalization of the Riemannian symmetric spaces

® G =S0(1,n), K =S0(n) and 7, := APAd* where Ad* denote the
coadjoint representation of K on p¥,
— E., = NH"R) =N (TEH'(R))).

® G = SL(2,R): Representations 7 of K are one dimensional, and thus E;
is composed of the line bundles over H*(R).
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We take an (homogeneous) vector bundle over G/K.
(7, V) := irreducible unitary representation of K which defines uniquely a
homogeneous vector bundle

ETI:GXVT/~7

where (g, v) ~ (gk,T(kil)v).
Examples:

® Euive ~ X x C  — generalization of the Riemannian symmetric spaces

® G =S0(1,n), K =S0(n) and 7, := APAd* where Ad* denote the
coadjoint representation of K on p¥,
— E., = NH"R) =N (TEH'(R))).

® G =SL(2,R): Representations 7 of K are one dimensional, and thus E;
is composed of the line bundles over H*(R).

The smooth sections of E, can be identified with

C*(G,7) = {F: G v, | F(gh) = T(k ()} -
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ID(E:): set of homogeneous differential operators acting on smooth sections,

L(g) D=D L(g) forall De D(E;)and ge G

: U(ge)* — D(E,)

X1 Xy — (f — i . d f(x exp(t1 X1) - exp(t,,X,,))

dt.  dt,

t,-o>

(positive) Laplacian A= =(—8) where Q is the Casimir operator

Q==X +>v7,
where {Xi}i—1,. .. dime and {Y;}i—1,. .. dimp are othonormal basis of £ and p
It has continuous spectrum o(A) = [p2, +co[ with p2 > 0.
The resolvent of A
Ra(z) = (A—2)7"

is a bounded operator on L?(G,7) depending holomorphically on z € C\c(A),

he C\o(A) 52— Ra(z) = (A — 2)* e B(LX(G, 7).

is a holomorphic operator-valued function.
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M:= Zk(A), Lie(M) = m

For a fixed representation 7€ K:
M(r):={oceM|7|lu>oa}

For (o, V,) € M and X € a¥, we denote by
Harish-Chandra’s notation for this in-

o G i
75 = Ind MAN(U ®e " ® 1) duced representation is 77y
the representation of the principal series, acting on the L? space

Frobenius reciprocity theorem: m(o, 7|y) = m(7,7%) =: my -

Generalized spherical function 2 : G — End(V,) defined by

Mo, T

e7(x) = X Praf(x) P
i=1

where P; is the projection on the i-th component of 7 in J&7
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Rank one

Assumption: G is of real rank one <= dima=1

G K X =G/K
Spin(n, 1) Spin(n) real h. s.
SU(n,1) | s(U(n) x U(1)) complex h. s.
Sp(n, 1) Sp(n) quaternionic h. s.

Fa Spin(9) octonionic h. p.
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Facts :
Ra(z) is defined on {z € C | &(z) > 0}
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Facts :
Ra(z) is defined on {z € C | &(z) > 0}

1. find the resonances of A which are the (simple) poles of the meromorphic
continuation of Ra (on a Riemannian surface over C)

2. Study the residue representations which arises from the resonances, namely
& = {pP™ % f | FelT®(G,7)} =" G

where [o] € M(7), A« ~ resonance.

1. has been answer in R. (2021) and 2. partially in R. (2021) and totally R.
(2022).
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Facts :
Ra(z) is defined on {z € C | &(z) > 0}

1. find the resonances of A which are the (simple) poles of the meromorphic
continuation of Ra (on a Riemannian surface over C)

2. Study the residue representations which arises from the resonances, namely
& = {pP™ % f | FelT®(G,7)} =" G

where [o] € M(7), A« ~ resonance.
1. has been answer in R. (2021) and 2. partially in R. (2021) and totally R.
(2022).
It seems 2. cannot have a generic answer, and one has to compute the
representations & for each representation 7 € K.

Some of & them are discrete series
AND
“G/K admits resonances” < "“Rank(G) = Rank(K)" in the real rank one case

v~ Could we realized every discrete series r. as a residue representation 7 The
answer is yes for G = SL(2,R) (C. Will in 2003)



A case by case proof show that:
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Theorem
For G = Spin(2n,1) and SU(n, 1), every discrete series representation
can be realize as a residue representation. Concretely :
® jf G = Spin(2n, 1), the discrete series of H-C parameter N, is

realised by the residue representations £, where

T has highest weight N — p + 2pp,

o € M(r) arbitrary and

A is the first non-zero pole of the Plancherel density

® if G = SU(n, 1), the discrete series of H-C parameter A, is realised
by the residue representations &7, where
T has highest weight N — p + 2p,
o € M with the largest Vogan norm and
\ is the first non-zero pole of the Plancherel density

Result
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can be realize as a residue representation. Concretely :
® jf G = Spin(2n, 1), the discrete series of H-C parameter N, is

realised by the residue representations £, where

T has highest weight N — p + 2pp,

o € M(r) arbitrary and
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® if G = SU(n, 1), the discrete series of H-C parameter A, is realised
by the residue representations &7, where
T has highest weight N — p + 2p,
o € M with the largest Vogan norm and
\ is the first non-zero pole of the Plancherel density

G J

A similar proof should work for the others cases of real rank one, but I'm
searching a generic proof (which can maybe be extended to real rank one
greater than 1).
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are the unitary representations which have a positive mass in the Plancherel
formula.
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Finding a realization of them have been carry out by lots of mathematician in
well known articles (Schmid, Parathasarathy, Flensted-Jensen,..)
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Discrete series are important representations of semisimple Lie groups: They
are the unitary representations which have a positive mass in the Plancherel
formula.

Finding a realization of them have been carry out by lots of mathematician in
well known articles (Schmid, Parathasarathy, Flensted-Jensen,..)

For G = SO(2n,1) or SU(n,1), every discrete series representation is
realized by a residue representation arising from the resonances of the
Laplace operator.
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Discrete series are important representations of semisimple Lie groups: They
are the unitary representations which have a positive mass in the Plancherel
formula.

Finding a realization of them have been carry out by lots of mathematician in
well known articles (Schmid, Parathasarathy, Flensted-Jensen,..)

For G = SO(2n,1) or SU(n,1), every discrete series representation is
realized by a residue representation arising from the resonances of the

Laplace operator.

This result should be true for all the real ranked one groups.

Thank you for your attention ! Do you have any questions ?
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