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Discrete series

G : non-compact semisimple Lie group, finite center, LiepGq “ g

G “ SLp2,Rq

Ĝ= Unitary dual := ‘the equivalence classes of irreducible unitary
representations of G ’ “ tpπ, Vπqu
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Discrete series

G : non-compact semisimple Lie group, finite center, LiepGq “ g
G “ SLp2,Rq

Ĝ= Unitary dual := ‘the equivalence classes of irreducible unitary
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Irreducible “ cannot be split into 2 representations
Unitary “ πpgq “ πpgq

˚ for every g P G
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Discrete series

G : non-compact semisimple Lie group, finite center, LiepGq “ g
G “ SLp2,Rq

Ĝ= Unitary dual := ‘the equivalence classes of irreducible unitary
representations of G ’ “ tpπ, Vπqu

Theorem (Harish-Chandra, Mautner, Segal...)
There exists a measure µ (Plancherel measure) on Ĝ such that

L2
pGq “

ż

Ĝ
Vπ b Vπdµpπq “

ż

Ĝcont

Vπ b Vπdµpπq `
ÿ

Ĝdiscr

Vπ b Vπµpπq



Discrete series Harmonic analysis on homogeneous vector bundles Result

Proposition
If rpπ, Vπqs P Ĝ, then the following conditions are equivalent:

1. The Plancherel measure assigns strictly positive mass to the one
point set tpπ, Vπqu,

2. for some nonzero u, v P Vπ, g ÞÑ pπpgqu, vq is in L2
pGq,

3. for every nonzero u, v P Vπ, g ÞÑ pπpgqu, vq is in L2
pGq

4. pπ, Vπq is an irreducible, square-integrable, unitary representation.

Cartan subgroup » diagonal matrices
Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)
K := Maximal compact subgroup in G
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pGq

4. pπ, Vπq is an irreducible, square-integrable, unitary representation.

Cartan subgroup » diagonal matrices
Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)
K := Maximal compact subgroup in G

For SLp2,Rq one Cartan subgroup is
"ˆ

λ 0
0 1{λ

˙*

,

Maximal Compact = SOp2q “

"ˆ

cospθq sinpθq

´ sinpθq cospθq

˙*
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Proposition
If rpπ, Vπqs P Ĝ, then the following conditions are equivalent:

1. The Plancherel measure assigns strictly positive mass to the one
point set tpπ, Vπqu,

2. for some nonzero u, v P Vπ, g ÞÑ pπpgqu, vq is in L2
pGq,

3. for every nonzero u, v P Vπ, g ÞÑ pπpgqu, vq is in L2
pGq

4. pπ, Vπq is an irreducible, square-integrable, unitary representation.

Cartan subgroup » diagonal matrices
Dimension of "Cartan subgroup" = Rank of the group (For compact group =
Dimension of the maximal Torus)
K := Maximal compact subgroup in G

Theorem (Harish-Chandra)
G has discrete series representations ô RankpGq “ RankpKq
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Realizations of discrete series

‚ Narasimhan and Okamoto (1970) : If G{K is Hermitian symmetric,
construction of most of the discrete series for G on spaces of square
integrable harmonic forms of type p0, qq,

‚ Schmid (1971) : construction of most of the discrete series for G on
"L2-cohomology" groups of holomorphic line bundles on G{T , where T is
a compact Cartan subgroup of G ,

‚ Hotta (1972) : construction of most of the discrete series for G on certain
eigenspaces of the Casimir of G , in the space of L2-sections of some vector
bundle,

‚ Parthasarathy (1972) : construction of most of the discrete series,
studying the kernel of the Dirac operator,

‚ Flensted-Jensen (1980) : construction of some the discrete series of G{H,
extend the result on the rank to G{H, for H subgroup of G given by an
involution.
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Framework
G : non-compact semisimple Lie group, finite center, LiepGq “ g
K : maximal compact of G, LiepKq “ k, so g “ k ‘ a ‘ n
A “ exppaq: abelian group
X :“ G{K : Riemannian symmetric space of non-compact type
M:“ ZK pAq, LiepMq “ m

Example:
G “ SOep1, nq

K “ SOpnq

M “ SOpn´1q

A “

$

’

&

’

%

¨

˚

˝

coshptq 0 sinhptq

0 In´1 0

sinhptq 0 coshptq

˛

‹

‚

ˇ

ˇ

ˇ

ˇ

ˇ

t P R

,

/

.

/

-

Hn
pRq “ G{K “ tx P R

n`1
| x2

1 ´ x2
2 ´ ¨ ¨ ¨ ´ x2

n`1 “ 1u

Real hyperbolic space

Figure: H2pRq
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We take an (homogeneous) vector bundle over G{K .
pτ, Vτ q := irreducible unitary representation of K which defines uniquely a
homogeneous vector bundle

Eτ :“ G ˆ Vτ {„ ,

where
`

g , v
˘

„
`

gk, τpk´1
qv

˘

.

Examples:
‚ EtrivK » X ˆC Ñ generalization of the Riemannian symmetric spaces
‚ G “ SOep1, nq, K “ SOpnq and τp :“ ΛpAd˚ where Ad˚ denote the

coadjoint representation of K on p˚
C

,
Ñ Eτp “ ΛpHn

pRq :“ Λp `

T ˚
C

pHn
pRqq

˘

.
‚ G “ SLp2,Rq: Representations τ of K are one dimensional, and thus Eτ

is composed of the line bundles over H2
pRq.

The smooth sections of Eτ can be identified with

C8
pG , τq :“

!

f : G smooth
ÝÑ Vτ | f pgkq “ τpk´1

qf pgq

)

.
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DpEτ q: set of homogeneous differential operators acting on smooth sections,
i.e.

Lpgq D “ D Lpgq for all D P DpEτ q and g P G

Ξ : UpgCq
K

Ñ DpEτ q

X1 ¨ ¨ ¨ Xn ÞÑ

˜

f ÞÑ
d

dt1
¨ ¨ ¨

d
dtn

f
`

x exppt1X1q ¨ ¨ ¨ expptnXnq
˘

ˇ

ˇ

ˇ

ˇ

ti “0

¸

(positive) Laplacian ∆“ Ξp´Ωq where Ω is the Casimir operator

Ω :“ ´
ÿ

X 2
i `

ÿ

Y 2
i ,

where tXi ui“1,. . . ,dim k and tYi ui“1,. . . ,dim p are othonormal basis of k and p

It has continuous spectrum σp∆q “ rρ2
τ , `8r with ρ2

τ ą 0.
The resolvent of ∆

R∆pzq “ p∆ ´ zq
´1

is a bounded operator on L2
pG , τq depending holomorphically on z P Czσp∆q ,

i.e.
Czσp∆q Q z ÝÑ R∆pzq “ p∆ ´ zq

´1
P BpL2

pG , τqq .

is a holomorphic operator-valued function.
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Harmonic analysis on vector bundles

M:“ ZK pAq, LiepMq “ m

For a fixed representation τP K̂ :

M̂pτq :“ tσ P M̂ | τ |M Ą σu

For pσ, Vσq P M̂ and λ P a˚
C

, we denote by

πσ
λ “ Ind G

MANpσ b e iλ
b 1q

Harish-Chandra’s notation for this in-
duced representation is πσ

iλ

the representation of the principal series, acting on the L2 space H σ
λ .

Frobenius reciprocity theorem: mpσ, τ |Mq “ mpτ, πσ
λq “: mσ,τ

Generalized spherical function φσ,λ
τ : G Ñ EndpVτ q defined by

φσ,λ
τ pxq “

mσ,τ
ÿ

i“1

Pi πσ
λpxq P˚

i

where Pi is the projection on the i-th component of τ in H σ
λ .
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Rank one

Assumption: G is of real rank one ðñ dim a “ 1

G K X “ G{K
Spinpn, 1q Spinpnq real h. s.
SUpn, 1q SpUpnq ˆ Up1qq complex h. s.
Sppn, 1q Sppnq quaternionic h. s.

F4 Spinp9q octonionic h. p.



Discrete series Harmonic analysis on homogeneous vector bundles Result

Facts :
R∆pzq is defined on tz P C | ℑpzq ą 0u

1. find the resonances of ∆ which are the (simple) poles of the meromorphic
continuation of R∆ (on a Riemannian surface over C)

2. Study the residue representations which arises from the resonances, namely

E σ
k :“ tφσ,λk

τ ˚ f | f P Γ8
pG , τqu ð

L G

where rσs P M̂pτq, λk „ resonance.
1. has been answer in R. (2021) and 2. partially in R. (2021) and totally R.
(2022).
It seems 2. cannot have a generic answer, and one has to compute the
representations E σ

k for each representation τ P K .

Some of E σ
k them are discrete series

AND
“G{K admits resonances” ô “RankpGq = RankpKq” in the real rank one case

ù Could we realized every discrete series r. as a residue representation ? The
answer is yes for G “ SLp2,Rq (C. Will in 2003)
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A case by case proof show that:

Theorem
For G “ Spinp2n, 1q and SUpn, 1q, every discrete series representation
can be realize as a residue representation. Concretely :

‚ if G “ Spinp2n, 1q, the discrete series of H-C parameter Λ, is
realised by the residue representations E σ,λ

τ , where
τ has highest weight Λ ´ ρ ` 2ρn,
σ P M̂pτq arbitrary and
λ is the first non-zero pole of the Plancherel density

‚ if G “ SUpn, 1q, the discrete series of H-C parameter Λ, is realised
by the residue representations E σ,λ

τ , where
τ has highest weight Λ ´ ρ ` 2ρn,
σ P M̂ with the largest Vogan norm and
λ is the first non-zero pole of the Plancherel density

A similar proof should work for the others cases of real rank one, but I’m
searching a generic proof (which can maybe be extended to real rank one
greater than 1).
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Discrete series are important representations of semisimple Lie groups: They
are the unitary representations which have a positive mass in the Plancherel
formula.

Finding a realization of them have been carry out by lots of mathematician in
well known articles (Schmid, Parathasarathy, Flensted-Jensen,..)

For G “ SOp2n, 1q or SUpn, 1q, every discrete series representation is
realized by a residue representation arising from the resonances of the
Laplace operator.

This result should be true for all the real ranked one groups.

Thank you for your attention ! Do you have any questions ?
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